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Let T ı R be the rings of integers in a number field and a finite Galois extension
field. We study relations between the elasticity r(R) of the monoid of nonzero ele-
ments of R and the elasticity r(S) of the monoid S of norms to T of those elements.
We show r(R) \ r(S) and that equality holds if the norms of irreducible elements
of R are irreducible in S, which is true, in particular, if either r(R) < 2 or r(S)=1.
© 2002 Elsevier Science (USA)
1. INTRODUCTION
In this paper K ı F are algebraic number fields with F Galois over K
(except in Example 2.2). We denote the respective rings of integers T ı R,
and we let S denote the set of nonzero integral norms from R to T of ele-
ments of R.
In [3], this author showed that if F is Galois over K, then R is a unique
factorization domain (UFD) if and only if S is a unique factorization
monoid (UFM). In this paper, we take this investigation a step further by
studying how well the ratios of lengths of factorizations of elements of R
are preserved in the normset S. We show, in particular, that R has elasticity
1 (that is, R is a half-factorial domain, or HFD) if and only if S has elasti-
city 1. In the case of larger elasticity in the parent ring R, however, infor-
mation is lost in the normset, and we produce results to partially quantify
this phenomenon.
Let H(F) be the ideal class group of R. In the case where F is Galois
over K, we shall denote the Galois group by G.
Letting r ¥ R, we define the elasticity of r to be
r(r)=sup {n/m | r=a1 · · ·an=b1 · · ·bm},
where ai, bj denote irreducible elements of R. In other words, the elasticity
of an element of R is the supremum over the ratios of all possible lengths of
irreducible factorizations of the element r. Globally, the elasticity of R has
been defined as
r(R)=sup {n/m | a1 · · ·an=b1 · · ·bm},
where, again, the ai’s and bj’s denote irreducible elements of R.
It is known [6, 8] that
r(R)=D(H(F))/2 [ |H(F)|/2, if |H(F)| > 1, (1.1)
where D(H(F)) is the Davenport constant of the group H(F), that is, the
length of the longest sequence of elements in H(F) such that the product
of elements in every proper subsequence is not equal to 1.
It is also worth noting that r(R)=1 if and only if |H| [ 2 [2] (and this
result does not depend on the Galois assumption used almost universally in
this paper).
2. ELASTICITY PROPERTIES INHERITED IN THE NORMSET
The set of norms to K of nonzero elements of R, which we denote by S,
is a multiplicative monoid in which every element is a product of irreduc-
ible elements. We define the elasticity of S, r(S), as the supremum of the
ratios of the quotients of lengths of two such factorizations of the same
element.
Theorem 2.1. If F/K is Galois, then r(R) \ r(S).
Proof. Let N(x) be an arbitrary element of S. Assume that we have the
factorizations (in S) of N(x),
N(x)=N(t1) · · ·N(tn)=N(c1) · · ·N(cn+h),
where each N(ti), N(cj) is an irreducible norm in S. In other words, N(x)
has as one of its factorization ratios (n+h)/n. Since each norm in the fac-
torizations of N(x) is irreducible, this implies that ti, cj are irreducible
elements of R (an easy exercise, or see [3], for example).
Now we consider possible factorizations of N(x) as an element of R. In
particular, we have
N(x)=D
s ¥ G
s(t1 · · ·tn)=D
s ¥ G
s(c1 · · · cn+h).
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This implies that corresponding to any norm factorization of N(x) men-
tioned previously, we have a corresponding ring element factorization with
ratio |G| (n+h)/|G| n=(n+h)/n. This shows that the corresponding ring
element factorization ratio of N(x) can be realized to be at least as large as
the factorization ratio of N(x) as an element of S. So we have that
r(R) \ r(S), and this establishes the theorem. L
The following two examples show that the Galois hypothesis cannot be
dropped in Theorem 2.1 and that the inequality in that theorem can be
strict.
Example 2.2. This example shows the necessity of the Galois assump-
tion in the quest for nice normset versus parent ring factorizations. We will
let F=Q(w) where w is any root of the polynomial x5−x3+1 over Q. It is
well known that the ring of algebraic integers, R, of F is a UFD (see [7],
for example). An easy computation shows that in R, the rational prime 3
factors as
3=ab,
where the elements a=w2−w−1 and b=w4−w3−w2−1 with w as
above. It is easy to see that N(a)=32 and N(b)=33. This gives the
following factorizations in the normset S of R:
(32)3=(33)2.
So we see that despite the fact that r(R)=1, the normset elasticity is non-
trivial.
Example 2.3. Let R=Z[`−14], and let a=5+2`−14. Since the
class number of this ring is 4, an upper bound to r(R) is 2, and this upper
bound is achieved via the following factorization:
(3)(3)(3)(3)=(5+2`−14)(5−2`−14).
But although 5+2`−14 is an irreducible, its norm is not. In fact
r(81)=2 as an element, but r(81)=1 as a norm.
In fact, the elasticity of this normset is 3/2. To see this, we note that the
norm factorization
(18)(18)=(4)(9)(9)
shows that the elasticity of this normset is at least 3/2. To give the
inequality in the other direction, we observe that since the class number of
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our ring of integers is 4, the irreducible norms in this normset must be of
the forms p, pq, p2, p2q, or pqr, with p, q, r prime integers. We consider the
following norm factorization of an element in this normset
(p1q1) · · · (pkqk)(a
2
1) · · · (a
2
m)(b
2
1c1) · · · (b
2
ncn)(d1e1 g1) · · · (dses gs),
with all of the subscripted symbols denoting prime integers. (Note that we
have ignored the case of prime norms, since prime norms imply prime
elements and we can cancel these without loss of generality since cancella-
tion can only potentially increase elasticity.)
In the above factorization into irreducible norms, there are k+m+n+s
irreducible factors and we assume that this form is of minimal length.
Counting the prime integers, we obtain 2k+2m+3n+3s prime integers in
the above factorization. When we attempt to redistribute the factors into a
longer form (say of maximal length N), we are constrained by the simple
inequality
N [ k+m+3/2(n+s)
which follows by the simple observation that no prime factor can appear
alone as an irreducible norm.
The elasiticity of this norm factorization is equal to N/(k+m+n+s)
and hence is bounded above by (k+m+3/2(n+s))/(k+m+n+s).
Assuming that this ratio is strictly greater than 3/2 leads to the inequality
k+m < 0, which is a contradiction. This shows that the elasiticity of this
normset is 3/2.
Theorem 2.4. Suppose F/K is Galois. If the norm of every irreducible
element of R is irreducible in S, then r(R)=r(S).
Proof. Applying the norm to an irreducible factorization is R given an
irreducible factorization of the same length in S; hence r(S) \ r(R).
Theorem 2.1 gives the opposite inequality. L
Remark. In Theorem 2.4, the inequality r(S) \ r(R) does not require
the Galois hypothesis.
The hypothesis that the norm of every irreducible element of R is irre-
ducible in S is equivalent to the ‘‘property N’’ of Bumby and Dade [1] for
the extension F/K. Property N holds if, whenever a and b are two ele-
ments of R with the same norm to T, they are both irreducible or both
reducible in R. It is shown in [4] that saturation in S (that is, if r, s ¥ S
with r/s ¥ T then r/s ¥ S) implies property N. Hence r(S)=r(R) if S is
saturated.
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Corollary 2.5. If S is saturated [4] or if r(R) < 2, or if |H(F)| < 4,
then property N holds for F/K and r(R)=r(S).
Proof. It was shown in [4] that saturation in the normset implies
property N, and from (1.1) we have that |H(F)| < 4 implies that r(R) < 2.
So it suffices to show the statement for the case r(R) < 2.
We will show in the case where r(R) < 2 that if a is an irreducible
element of R, then N(a) is irreducible in S. Assuming not, we have that
N(a)=N(x) N(y).
As before, we now consider N(a) to be an element of R and factor
N(a)=D
s ¥ G
s(a)=D
s ¥ G
s(x) s(y).
This gives that r(N(a)) \ 2, which is the desired contradiction. L
3. ELASTICITY IN THE HALF-FACTORIAL CASE
The collected results so far establish an upper bound for r(S) and
highlight some special cases where r(S)=r(R). We have also seen that
elasticity of an element may be quite high whereas its norm may be com-
pletely inelastic. In this section we will show that the global behavior of the
normset elasticity does not behave quite so badly.
Theorem 3.1. Suppose that F/K is Galois. Then R is an HFD
(r(R)=1)Z r(S)=1.
Proof. (S ) This implication is immediate from Corollary 2.5.
(R ) We will use the Carlitz characterization of HFD’s [2] in this
case; namely, R is an HFD if and only if the order of the class group, H,
does not exceed 2. We will assume that |H| > 2 and show that r(S) \ 3/2.
Choose a class x ] 1 in H and choose a class y in H distinct from x−1 and
the principal class. Let z be the class xy−1. It is immediate that x, y, and z
are nonprincipal classes such that xyz=1. Choose degree 1 prime ideals A,
B, C, a, b, c in the classes x, y, z, x−1, y−1, z−1, respectively. Let Aa=(a),
Bb=(b), Cc=(c), ABC=(t), and abc=(g). The norms of the elements
a, b, c, t, g are all irreducible elements of S (this follows since the prime
ideal factorizations of the irreducible elements are of length at most 3 and
the norms involve primes which cannot be the norms of principal ideals by
the assumption that the prime ideals A, B, C, a, b, c are all of degree 1 and
nonprincipal).
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Note that
N(a) N(b) N(c)=uN(t) N(g)
for some unit u ¥ T. If d=[F : K], then raising the above equation to the
d th power and using the fact that udN(t)=N(ut) (since u ¥ T), we obtain
that r(S) \ 3d/2d=3/2. L
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